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Abstract 

This paper gives examples of hyperbolic 3-manifolds whose SL(2,C) character varieties 
have ideal points for which the associated roots of unity are not ±1. This answers a question 
of Cooper, Culler, Gillet, Long, and Shalen as to whether roots of unity other than ± 1 occur. 



1 Introduction 



Constructing incompressible surfaces in 3-manifolds via degeneration of hyperbolic struc- 
tures was introduced by Culler and Shalen in [CS1]. This technique has been very useful. 
For instance, it was the basis for half of the proof of the Cyclic Surgery Theorem [CGLS]. 
The construction starts with a complex curve of representations of the fundamental group 
of the manifold into SL(2,C). The surfaces are constructed from ideal points of this curve. 
In [CCGLS], Cooper, Culler, Gillet, Long, and Shalen showed that certain ideal points have 
roots of unity associated to them which reflect the topology of the associated surfaces. They 
asked whether these roots are always ±1, this being the case in all known examples. I will 
give examples of hyperbolic manifolds where some of these roots are not ±1, but are fourth 
or sixth roots. 



In Section 2, I review the construction of incompressible surfaces from ideal points, and the 
associated roots of unity. I found the examples using a heuristic method described in Section 3. 
I discuss examples which appear to have ideal points where the root of unity is a fourth or sixth 
root in Section 4. 1 will rigorously show that two of these probable examples have ideal points 
whose associated roots of unity are not ±1. The first is a punctured torus bundle where the 
root of unity is ±/. The second example is the complement of a knot in S 2 x S 1 and the root 
of unity is a sixth root. These examples are treated in Sections 5 and 6, respectively. The first 
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example, N, also has two other interesting properties which are discussed in the remarks at the 
end of Section 5. In the language of Section 2, let X(N) be the character variety of N and Xq 
a component of X(N) which contains the character of a discrete faithful representation. The 
manifold N has a strict boundary slope which is not associated to any ideal point of Xo but 
which is associated to an ideal point of some other component of X(N). Also, there is a y in 
TCi (N) such that tr y is constant on Xo. 

I would like to thank Peter Shalen for suggesting this problem to me and for innumerable use- 
ful discussions. I would also like to thank the referee for very useful comments and sugges- 
tions. I should also mention that, in unpublished work, Cooper and Long found a hyperbolic 
manifold with an ideal point where the root of unity ±i. 



2 Background 



The basic reference is [CGLS]. Let M be a compact 3-manifold. Let X denote its SL(2, C) 
character variety. Basically, X is the set of representations of %\{M) into SL(2,C) modulo 
conjugacy. It has a natural structure as an affine algebraic variety over C. Let Xq be a curve in 
X. For instance, if M hyperbolic with one cusp, an irreducible component of X which contains 
the character of a discrete faithful representation is such a curve. Let /: Xo — > Xq be a birational 
map with Xo a smooth projective curve. The points in Xo\f~ l (Xo) are called ideal points, and 
to each ideal point there is an associated action of TUi (Af ) on a simplicial tree. This action yields 
an incompressible surface by choosing a suitable equivariant map from the universal cover of 
M to the tree, T, taking the inverse image of the midpoints of the edges T, and pushing the 
resulting surface down to M. 

Now suppose that the boundary of M is a torus. A slope is an isotopy class of simple closed 
curves in dM, or equivalently, a pair of primitive elements {a, —a} in K\(dM). If a surface 
properly embedded in M has non-empty boundary, then its boundary consists of disjoint sim- 
ple closed curves in dM. Since these curves are parallel, they have the same slope, which is 
called the boundary slope of the surface. For each y e %i (M) there is a natural regular function 
tr Y on X whose value at a character of a representation p is tr(p(y)). These induce meromor- 
phic functions on Xq. Let x be an ideal point. If the trace function of some peripheral element 
has a pole at x, then there is exactly one slope {a, —a} for which tr± a (x) is finite. Any in- 
compressible surface S associated to x has non-empty boundary with boundary slope {a, —a}. 
Suppose the number of boundary components of S is minimal among all incompressible sur- 
faces associated to x. For such 5, it was shown in [CCGLS] (for another proof see [CL]) that 
tr a (jc) = X + X,^ 1 where X is a root of unity whose order divides the number of boundary 
components of any connected component of S. I will call X, the root of unity associated to x. 
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3 Heuristic method 



Before explaining the method, let me summarize the connection between the character variety 
and the Thurston deformation variety T (see [Thu] and [NZ], or [BP] for details). Thurston 
defined T in his proof of the Hyperbolic Dehn Surgery Theorem. Fix a triangulation of M\dM 
by ideal tetrahedra. I mean this topologically, i.e. M \ dM decomposed as the union of 3- 
simplices minus their vertices - these tetrahedra should not yet be thought of as sitting in 
hyperbolic three space H 3 . Up to isometry, an ideal tetrahedron in H 3 with geodesic sides 
and a preferred edge is parameterized by a single complex number, the edge parameter, which 
determines the similarity type of the triangle which is the link of an ideal vertex. If we choose 
an edge parameter for each tetrahedron in our triangulation, there are algebraic conditions, the 
gluing equations, which hold if the hyperbolic structures on the tetrahedra glue up to give a 
hyperbolic structure on M. The space of edge parameters that satisfy the gluing equations is 
the variety T. A point p in T where none of the edge parameters is totally degenerate (= 0, 1, 
or oo) defines a representation of 7ti (Af ) into PSL(2, C) by means of a simplicial "developing" 
map. If all the imaginary parts of the edge parameters have the same sign, and the gluing 
equations still hold in the universal cover of C \ {0}, then p defines a hyperbolic structure on 
M. In this case, the representation associated to p is just the holonomy representation of this 
structure. 

There is a map from T to the PSL(2, C) (rather than SL(2, C)) character variety, by sending a 
point to its associated representation. So there is almost a map from T to X. It is well known 
that T and X are very similar. In fact, at least on a component of T containing a complete 
structure, it is possible to construct a finite-to-finite correspondence (in the sense of algebraic 
geometry [Mum]) from T to X, though I will not use this explicitly. 

For a point p in T, in addition to the associated representation p:7ti(M) — > PSL(2,C) there 
is a representation h: 7Ui(3M) — > C coming from the similarity structure of dM induced by the 
hyperbolic structure defined by p. Fixing a e 7Ui(3M) we get a rational function h a on T. If 
we conjugate p so that p(7li(3M)) fixes <*> in 3HI 3 , 




Then h a (p) is X 2 and we have: 

tr(p(cc)) = ± (VMp)+ (VW) _1 



The idea for finding an example is this: Suppose we want to do 1/3 orbifold hyperbolic Dehn 
filling along a peripheral curve a. Recall from the proof of Thurston's Hyperbolic Dehn 
Surgery Theorem that we do this by moving around in T until we make h a = e 2m /3 If we 
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can't do 1/3 orbifold hyperbolic Dehn filling, this would mean that h a is never g 2m /3 f or an y 
point of T corresponding to a non-degenerate hyperbolic structure. Let's suppose this is the 
case. Now h a is a non-constant rational function on T, and so it takes on g 2m / 3 at some point 
if we replace T by a projective closure. Our assumptions make it likely that this point cor- 
responds to an ideal point. I used Weeks' wonderful program SnapPea [We] to search for 
manifolds where 1/3 filling was not possible. Of the several thousand manifolds tested, only 
ten had such a slope. In nine of these cases, numerical evidence suggested that as the program 
tried to do 1/3 filling, it was actually getting sucked toward an ideal point where the holon- 
omy was <? 2m / 3 , and therefore the associated root of unity was a sixth root. There is nothing 
special about 1/3 - you can do the same thing for any l/n. For n = 2, 1 found probable exam- 
ples including the meridian slope of the knot complements 8i6, 817, 929, and 932, and a certain 
punctured torus bundle. 

I will rigorously show that two of these examples have ideal points whose associated roots 
of unity are not ±1. For the punctured torus bundle in Section 5, it is possible to completely 
compute X by hand, and, while I found this example using the above heuristic method, no use 
is made of T. For the knot complement in S 2 x S 1 1 worked directly with T and some computer 
computations are needed. 



4 Probable examples 



By searching the Callahan-Hildebrand-Weeks census of non-compact orientable hyperbolic 3- 
manifolds that can be triangulated with seven or fewer ideal tetrahedra ([HW] and [CHW]), as 
discussed above, I found the following examples which probably have ideal points with non- 
trivial sixth roots: ml37, s783, s784, s938, s939, v2946, v2947, v3219, and v3221. Examples 
which appear to have ideal points where the root of unity is ±z include: ml35, ml47, and the 
knot complements 816, 817, 929, and 932. In all cases, the boundary slope of a surface associated 
with the ideal point is a slope that is the shortest in the Euclidean structure of the cusp. This 
is not surprising given the Gromov-Thurston 2n theorem [BH] and the fact that one can't do 
1/3 or 1 /2 orbifold Dehn filling. 

An extra difficulty arrises when using the heuristic method to find examples for which the 
root of unity is ±1, rather than a sixth root. The problem is that it often happens that when the 
1/2 filling is not hyperbolic, there is still no ideal point with root of unity ±1. For instance, 
one can't do 1/2 filling along the meridian of the complement of a Montesinos knot because 
the 2-fold branched cover of S 3 along the knot is Seifert fibered. But if the meridian is to be 
the boundary slope of an incompressible surface, the knot complement must contain a closed 
incompressible surface [CGLS]. Montesinos knots have closed incompressible surfaces if and 
only if they have more than three rational tangles [Oer] . 
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5 Punctured torus bundle 



The first example is the punctured torus bundle over S 1 with monodromy 



q> : 





which I will call N. Since (p is hyperbolic, work of Thurston shows that N has a complete 
hyperbolic metric of finite volume (see [Ota]). Let X be the character variety of N, and let Xq 
be an irreducible component of X which contains the character of a discrete faithful represen- 
tation. It turns out that Xq is birationally isomorphic to C P 1 , has exactly four ideal points, and 
the associated roots of unity are all ±z. Incompressible surfaces in punctured torus bundles 
have been classified ([FH] and [CJR]), and N contains three besides the fiber. Information 
about these surfaces is given below; boundary slopes are with respect a basis where the fiber 
has slope oo. 



Name 


Slope 


# of Boundary Comp. 


Genus 


Si 





4 





s 2 


1 


4 





S3 


1/2 


2 


1 



The surfaces associated to the ideal points of Xq are Si and 52. Thus N is one of the few 
examples known where there is a component of the character variety with only two surfaces 
associated to all its ideal points (Culler and Shalen have developed a theory of such manifolds 
[CS3]). The Dehn filling of N along the slope 1/2 , N\/2, is a manifold whose character variety 
has dimension 1. Ideal points of the character variety of have associated surface 53. The 
slopes of Si and S2 are a basis for %i(dN) and one can compute from Xq that the cusp shape 
with respect to this basis is i. 

I will use the methods of [Hod, Chap. 6] and [Por, Sec. 4.5]. See [CS1] for a precise definition 
of the character variety. Let F be a once-punctured torus. Choose generators a and b for the 
free group % 1 (F) so that the action of cp is 

(p(a) = b- l a- l b- 1 and <p(fc) = ba (jrW 1 ) 3 , 



and so 



Ki(N) = (a,b,t tat 1 = b l a l b \tbt l =ba(b l a l b 1 ) 3 ). 



This presentation was chosen so that t and / = aba l b 1 commute and are a basis for TCi (dN) 
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An irreducible representation p of 7ti (F) into SL(2, C) with a \— > A and b ^ B can be conju- 
gated so that 



where x and y are arbitrary eigenvalues of A and B respectively. Since z is determined by 
tr(AB), the conjugacy class of an irreducible representation of Tti (F) is completely determined 
by tr(A), tr(5), and ti(AB). So, for such an irreducible representation of Ki(F) to extend to 
all of 71 1 (N) it is necessary and sufficient that 



as then there exists a T in SL(2, C) such that for all g e fti(F), we have p(cp(g)) = Tp(g)T~ . 
We can then take p(t) = T. Note that T is unique up to sign because the stabilizer under 
conjugation of an irreducible representation is {±/}. 

A representation p of Tti (F) is reducible if and only if tr(p(7)) = 2.1 will only be interested in 
components of X which contain the character of a discrete faithful representation. By Propo- 
sition 2 of [CS2], the function tr/ is non-constant on such components. Thus I will restrict 
attention to the subvariety X' of X which is the Zariski closure of the subset of characters 
which are irreducible when restricted to ii\_(F). 

By Proposition 1.4.1 of [CS1], coordinates on X' C C 7 are a = tr(A), |3 = tr(B), y = tr(AB), 
x = tr(T), tr(AT), tr(BT), and tr(ABT). The basic tool will be the following identities, which 
hold for all X,y gSL(2,C): 



tr(Xy) = tr(FX), tr(X) = tr^" 1 ), and tv(XY) = tr(X)tr(7) - tr^y" 1 ). (4) 



tr(A) = ir{B- x A- x B- 1 ) = tr(BAB) = tr(fl) tr(AB) - tr(A) or 2a = py. 

Similarly expanding (2) and using (1) to note tr(A5 2 ) = tr(A), we get 2(3 = a(a(3 - y). If (1) 
and (2) hold then so does (3) because in this case 

tr(p(q>(fl*))) = tr(p((p(a)))tr(p((p(fc))) - tr (p((p(a))p(( P (&))- 1 ) 
= tr(A) tr(fl) - tr (B^A^B^ 1 -B^ 1 ) 
= tr(A)tr(B) - (tr (B^A^B' 1 ) tr(fl) - tr(AB)) = tr(Afl). 




tr(A) = tr(p((p(a))) = tr^A" 1 ^ 1 ), 
tr(fi) = tr(p((p(fc))) = tr^A^A" 1 ^ 1 ) 3 ), 
tr(A5) = tr(p((p(afc))) = tr^A^fl^flA^A^fl- 1 ) 3 ), 



(1) 
(2) 
(3) 



Using these to expand relation (1) gives 
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Combining the information from (1) and (2), we get that either p = B 2 y 2 — 2y 2 — 8 = or 
B = a = 0. If p is a discrete faithful representation of Tti (N) , then for all g in Tti (M) , p (g) is not 
elliptic and so tr(p(g)) ^ 0. So a component of X' containing a discrete faithful representation 
satisfies p = (the part of X' where a = B = turns out to be the character variety of Ni/ 2 )- 

Let p be a representation such that p = and y 2 = 4. Then B 2 = a 2 = 4 and if L is the image of 
l = abaT l b^ x , tr(L) = a 2 + B 2 +y 2 -aBy-2 = -2a 2 + 10 = 2. Then p restricted to %\{F) is 
reducible. Recall we have only been looking at the part of X which is the closure of the subset 
of characters which are irreducible when restricted to 71 1 (F). Let X\ be the closure of the part 
of X satisfying p = and a, B ^ and y 2 ^ 4. Henceforth, I will only be concerned with X\. 
Combining p = with 2a = By we get 2a 2 — y 2 — 4. Expanding ta = b~ l a~ l b~ l t, b~ l tb = 
a(b~ l a~ l b~ l ) 3 t, and Ztfa = gT 1 ^ 1 ? = (b~ l a~ l b~ l ) 3 tb~ l = ta 3 b~ l with the identities (4) we 
get the following linear equations for the traces 

-pytr(r) +2tr(AT) +ytr(BT) =0 

-a 2 tr(r) +a(a 2 - 2) tr(AT) =0 
ap> 2 -2)tr(r) -a(a 2 - 2) tr(BT) -a 2 tr(ABT) =0. 



Solving this and simplifying the answer using 2a = (3y and y 2 = 2(a 2 — 2) we get 

B 2Bfa 2 -3l 2 
tr(7 1 ) = x, tr(AT) = — t, tr(BT) = — ^ and tr(A57) = -t. (5) 



From b = b a we get 



tr(Aflr) tr(r) - tr(Br) tr(AT) = 2y- aB. 



Combining this with (5) and using the equations relating a, B, and y everything magically sim- 
plifies and we get 4x 2 = — y 4 ! (Here we need y 2 ^ 4.) Thus X\ breaks up into two components, 
one satisfying 2x = z'y 2 and the other 2x = — z'y 2 . These two components are isomorphic (recall 
that, fixing A and B, T is only unique up to sign). Let Xq be the component where 2x = — /y 2 . 
Now, projection of Xo onto the subspace with coordinates a and y is 1-1. Let C be the curve 
in this subspace defined by 2a 2 — y 1 — 4 = 0. Since p = 0, y ^ on Xo and the image of the 
projection of Xq is C\ {(±V2,0)}. The closure C of C in CP 2 is isomorphic to CP 1 since C 
is a conic. Now C\Xo consists of four ideal points (±V2 : : 1) and (1 : ±\ / 2 : 0). Using that 

tr(LT) = tr(AB 2 TA) = aBtr(Aflr) - atr(AT) - Btr(fir) + tr(r) = -4/x, (6) 



it is easy to check that the ideal points (±y/2 : : 1) have associated slope t, (1 : ±y/2 : 0) have 
associated slope It, and the root of unity at each of them is ±i. Using (6) and corresponding 
expression for tr(L7 2 ), you can check that the component of the plane curve D N of [CCGLS] 



7 



corresponding to Xo is defined by the following equation, where x is the eigenvalue of T and y 
the eigenvalue of LT 

xy + ix+iy+1 = 0. (7) 



As a double check for the computations in this section, I had SnapPea compute eigenvalues at 
various Dehn fillings and these satisfied (7). 

Remark 5.1. A boundary slope is called strict if it is the boundary slope of a surface which 
is not a fiber of a bundle over S 1 or the common frontier of two twisted interval bundles. 
Boundary slopes associated to ideal points where some peripheral element has a pole are 
always strict [CGLS, 1 .3.9]. An interesting open question is whether all strict boundary slopes 
are associated to ideal points. Note that the boundary slope of the surface 53 in /V is not 
associated to any ideal point of a component of X which contains the character of a discrete 
faithful representation. However, the boundary slope of 53 is associated to an ideal point of 
another component of X, X(N l n), and hence is strict. Thus one can't prove that every strict 
boundary slope is associated to some ideal point by looking only at the components of X which 
have the most geometric meaning. 

Remark 5.2. The manifold /V is a Dehn filling of a two-cusped manifold M of Neumann and 
Reid which has strong geometric isolation. The manifold M fibers over a twice punctured 
torus and is the second example in Section 3 of [NR] (see also [Cal]). Dehn filling one cusp 
of M to get a once-punctured torus bundle yields N. That M has strong geometric isolation 
means that if you do hyperbolic Dehn filling on one cusp and then do any hyperbolic Dehn 
filling on the other cusp, you don't change the length of the geodesic that was added to the 
first cusp. Let T\ and T2 be the two tori boundary components of M. Let Yq be a component 
of the character variety of M which contains the character of a discrete faithful representation, 
and X(Ti) denote the character variety of 7}. Consider the map Yq — > X(T{) x XiTj) induced 
by the inclusions 7} c — >M. Strong geometric isolation is equivalent to the image of this map 
being a product. Consider a one-cusped manifold N' obtained by hyperbolic Dehn filling a 
cusp of M. Since there is a self homeomorphism of M which interchanges the cusps, we can 
assume N' is obtained by filling in the second cusp. Since M has strong geometric isolation, 
the image of the character variety of N', X(N') in X(T\) is independent of which Dehn filling 
was done to obtain N'. Since /V is obtained in this way, a component Xq(N') of X(N') which 
contains the character of a discrete faithful representation is almost the same as Xq(N). In 
particular, Xq(N') has ideal points where the associated roots of unity are ±1. Also, if we 
view N as obtained by Dehn filling the second cusp of M, the trace function associated to the 
geodesic added to the second cusp must be constant on Xq(N). It's easy to check from the 
above description of Xq(N) that the trace of a 2 t is always ±2z. It turns out that the trace of 
a 2 t is non-constant on Z(7Y 1 / 2 ). Peter Shalen points out that this begs the following question. 
Suppose N' is any one-cusped hyperbolic manifold and y a non-trivial element of K\(N'). Is 
there always a component ofX(N') on which tr y is non-constant? (This component of X(N') 
should also contain the character of an irreducible representation.) 
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6 The manifold ml37 



The example with a sixth root of unity I checked rigorously is ml37, which I will call M. It 
has one cusp, and its volume is about 3.6638. It is the complement of a knot in SpxS 1 . The 
manifold M is obtained by Dehn surgery on either component of the link shown in Fig. 1(a) 
(this link is l\ in [Rol]). It consists of four ideal tetrahedra glued together as follows: Number 





(a) 



(b) 



FlG.l. (a) The manifold M is obtained by Dehn surgery on this link in S 3 . (b) The union 
of the pictured thrice punctured disk with a meridian disk in the added solid torus form an 
incompressible surface F in M. The surface F is the intersection of M C S 2 x S 1 with S x 
{point}. 

the tetrahedra 0, 1,2, and 3. Number the vertices of each tetrahedron 0, 1,2, and 3 in a fixed 
way. We index the faces of the tetrahedron by the opposite vertex. The entry k : o, where o is 
a permutation of {0, 1 , 2, 3} in the z tn row and / n column of the table below means: Face j of 
tetrahedron i is glued to face a(j) of tetrahedron k so that for / ^ j, vertex I of tetrahedron i is 
glued to vertex a (I) of tetrahedron k (this is the scheme used by SnapPea) . 



1 : (0132) 


1 : (3201) 


2 : (0132) 


3 : (0132) 


: (0132) 


2 : (1230) 


0: (2310) 


3 : (3201) 


3 : (3120) 


3 : (3012) 


1 : (3012) 


: (0132) 


2 : (1230) 


1 : (2310) 


: (0132) 


2 : (3120) 



SnapPea computes that: 



MM) 



a,b 



c?b 2 a- l b- 3 a- l b 2 



A basis of 71 1 (dM) is a = cT x b~ x and [3 = a~ l b 2 a 4 b 2 where a is a meridian of the knot. I will 
show there is an ideal point where the slope of an associated surface is a and the associated 
root of unity is a sixth root not ± 1 . 
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Figure 1(b) describes an incompressible thrice punctured sphere F in M. Because Xi(F) is 
generated by two conjugates of a whose product is also a conjugate of a, any element of 
Tti(F) has finite trace at the ideal point. Thus, F stabilizes a vertex of the associated tree. 
Presumably, the surface associated to this ideal point is some number of parallel copies of F, 
perhaps tubed together along dM. 

The gluing equations of M are: 

21(1-22)23(1-24) = (1 — zi)(l —23) 

(1 "2l) 2 (l -22) =-2?2 2 (l "23)(1 ~ Z4) 
22(1 -23) = (1 -2l)24 
21 (1 -23)24 = "(I -22) 2 23, 



where Zi is the edge parameter of the z' m tetrahedron for a suitable choice of edges. This defines 
the deformation variety IcC 4 . The holonomy functions are given by: 

, (1 -22XI-24) 2i(l-24) 
ha = n — 7a7. >"p " 



(1-21)24 (1-21)22(1-23)24 

The point po = (1/2 + 1/2, 1 + 1, 1/2 + 1/2, 1 + i) defines a complete hyperbolic structure on 
M. The point p = (£, 1, 1,0), where £ = (l/v^)^ 6 , is our desired ideal point. Using the 
second and fourth gluing equations, we see that on T 

h - 

"a — • 

212223 



Hence h a (p) = e 27l! / 3 . From the formula for /zp, we see that the numerator converges to C, as 
we head toward p, and the denominator goes to zero, so h$ has a pole at p. 

It remains to show there is a sequence of points {/>,} of T converging to p where no coordi- 
nate of any pi is equal to 0, 1, or °°, since then {/?,} gives rise to a sequence of representations 
p ; :7li(M) -> PSL(2,C). As H\(M) = Z, every representation of %i(M) into PSL(2,C) lifts 
to SL(2, C) (see the lemma in section 6 of [CCGLS]), and so we have a sequence of repre- 
sentations pi into SL(2,C) with tr(p,(|3)) — > °°. Passing to a subsequence, the sequence of 
characters of the p ; - converges in X to an ideal point, and tr(p ; ((3)) — > X + 1/A, where X is a 
sixth root of unity not ±1. This will show that M has an ideal point whose root of unity is a 
sixth root not ± 1 . 

Note that any point of the form (z, 1, 1,0) is in T, and any point of T near p with a coordinate 
equal to 0, 1, or °o is of this form. Producing the sequence {/?,} is equivalent to showing that 
some other component of T besides the one defined by {z2 = 1,23 = 1,24 = 0} contains p. To 
do this we check that the tangent space to T at p is two-dimensional. It is necessary to find 
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the radical of the ideal defined by (8) for this. I did this with Macaulay2 [GS], and the tangent 
space is the same as the two-dimensional subspace which you would get if you assumed that 
(8) defines a radical ideal. 

It's interesting to note that the volume at the ideal point p is positive, since exactly one tetra- 
hedron is not collapsed. In most of the examples I looked at, as you approached the ideal point 
all of the tetrahedra collapsed completely and the volume went to 0. 
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